Let a = (ax, . . . , a") be a commuting system of linear continuous operators on a complex Banach space X. We show that, for any x e X, the local analytic spectrum a(a, x) [1] is contained in the spectral hull of the local spectrum sp(a, x) [4] .
Introduction. In this paper we shall define more accurately the relation between two notions of local spectrum for systems of operators.
Let A be a complex Banach space and let a = (a,, ..., a") be a commuting system («-tuple) of linear continuous operators on A.
The simplest way to define the spectrum of an arbitrary element x G X, with respect to a, is the following. Consider the union p(a, x) of all open sets D g C" such that there exist n analytic functions /" . . . ,/": D-* X, satisfying 2"= 1(2, -a¡)f¡(z) = x, z E D. Then the spectrum of x with respect to a is the set a(a, x) = C \ p(a, x). This notion of local spectrum was used in [1] for the study of spectral decompositions dependent on functional calculi.
In [4] the author has studied spectral decompositions not necessarily dependent on functional calculi and has found very useful to define another notion of local spectrum. Generally speaking, the spectrum of x with respect to a in our sense, denoted by sp(a, x), is the support of a certain differential form (or rather of a cohomology class of such forms). This notion was suggested by a new definition of the functional analytic calculus for several commuting operators, proposed in [7] .
We have proved in [4] that sp(a, x) c o(a, x) for any x E A. The main result of the present paper is that o (a, x) is contained in the spectral hull of sp(a, x), for any x E A.
1. Preliminaries. We shall recall the definition of the Cauchy-Weil integral which will be our main tool in what follows (for details, see [7, §3] and [4, Preliminaries] ).
Let A be a complex Banach space and a = (a,,..., a") be a commuting system of linear continuous operators on A. Denote by sp(a, A) the Taylor spectrum of a on A [6] .
Let U be an open neighbourhood of sp(a, X) and/be an X-valued analytic function on U. Denote by *$>(U, X) the space of all continuous A'-valued functions on U which are infinitely differentiable, in the sense of distributions, with respect to z" . . . , z" [7, §2] . Consider a system a = (sx, . . . , sn) of indeterminates and denote by Ap[o u dz, %(U, X)] the space of all forms of degree/» in the indeterminates sx, . . ., s", dzx, . . . , dzn having the coefficients in % ( U, X). Denote by a © 3 the (coboundary) operator defined by In particular, taking into account that 1(a) = id, we obtain
2. The relation between o(a, x) and sp(a, x). We may now define the local spectrum sp(a, x) as the support of the integrand from (3), having in view to obtain a local variant of this formula.
Definition 1 [4] . The resolvent set r(a, x) of x with respect to a is the union of all open sets D with the property that there exists a form \p G A"~x[o \J dz, % (D, A)], satisfying sx = (a ©3h/>. The spectrum sp(a, x) of x with respect to a is the complement in C of r(a, x), sp(a, x) = C" \ r(a, x). If n = 1 then the form \p in Definition 1 is of degree zero and, consequently, it is simply a function from % (D, A). Moreover, the relation sx = (a ©3)t// is equivalent to x = (z -a)tp(z), z E D and (3/3z)t/> = 0. Therefore \¡/ is an analytic function on D and, consequently, we have, in this case, sp(a, x) = a(a, x) .
If the equation in \p, sx = (a ©3)^, has a global solution defined on r(a, x) then, for any open neighbourhood V of sp(a, x), the cohomology class of sx with respect to a © 3 contains a form x with compact support in V [4, §1] and, consequently, we get the following local variant of (3) We have proved in [4] that property LA implies property L. If n = 1 then the properties are equivalent to the single-valued extension property.
Definition 4 [7] . Let K c C be a compact set. The spectral hull of K is the set of all elements w = (wx, . . . , wn) E C" with the property that the equation We shall prove that, for any x G X, a(a, x) is contained in the spectral hull of sp(a, x). For that we need two lemmas. Lemma 2. Suppose that the system a satisfies L. Let U be an open neighbourhood of the set sp(a, x) and f a scalar analytic function on U. Then, for any form appearing in (3') and any number j, 1 < / < n,we have f (-\)nf(z)(zj -aj)trX AdzxA-■ ■ Adzn = 0.
Ju
Proof. We shall apply the theorem of Stokes. Let/ be a fixed number, 1 < / < 7J, and let us denote by ô, the operator defined by (<5,i//)(z) = (z} -Oj)\f/(z), z E U, where ^ is a form in j and dz having coefficients in ® (U, X). Let x be an arbitrary form from those appearing in (3'). Then there exists a form xp* on U such that sx -x = (« © 9)*l>*-By applying the operator à) to both sides of this equality and multiplying by /, we obtain sfäJx-fäjX = (a(Bd)(fäjr).
On the other hand, denoting
we have sfäjX = (a © 3 )\f/j, whence fäjX = (a®d)(xPj-fäjr).
Taking into account that x has compact support in U, it follows that fâjX has compact support in U. By using property L we shall prove that yo,x = (a © 3 )\f/j on U, where uV has also compact support. With this result at hand, we get fäjtrx = Tr(fàjX) = *•(« ®9 ty = Hmk)-
Taking into account that uV has compact support in U and applying the theorem of Stokes, we deduce that the last integral is equal to zero and, consequently,
Therefore it remains to prove that there exists a form xpj with compact support such that fâjX = (a ©3)t^. Denote by A the support of x (which is a compact set). Since fâjX = (a ©3)(»^ -fäjxp*) and x = 0 on U \ K, we have Denoting t^ = (\pj -fajxp*) -(a © 3 )tp,, we obtain (a Qïypj = (a ©3")(t¿ -fä^*) = fijXOn the other hand, we have tp, = Atp, on U \ K and A = 1 on U \ U2, whence \pj: = 0 on U \ U2. This completes the proof.
We can prove now our main result concerning the relation between the spectrum a(a, x) defined in the Introduction and the spectrum sp(a, x).
Theorem. Let a be a commuting system of operators satisfying property L. Then, for any x E X, the analytic spectrum o(a, x) is contained in the spectral hull of the spectrum sp(a, x).
